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Abstract

The transient temperature profile in CW- and end-pumped passively Q-switched (PQS) microchip laser is investigated qualitatively by
treating the population inversion (thereby the thermal load) as the sawtooth function of the time. The numerical results reveal not only
the dynamics of thermal buildup, but also the dependence of the quasi-steady-state temperature rise and the repetitively oscillatory
amplitude on the incident pump power and the pulse repetition rate of PQS laser. The abruptly ascending branch of the repetitive
temperature oscillation is synchronized with the pulsing stage of PQS laser. As the result, the abrupt temperature transition during
the pulsing stage would introduce the fluctuation into the PQS pulse parameters (pulse energy, pulse width, and peak power) via tem-
perature-dependent stimulated emission and thermal lensing effect.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The CW- and end-pumped solid-state laser passively Q-
switched (PQS) by an intracavity saturable absorber (SA) is
a common technique used to generate the short pulses. A
major problem of this technique is the large jitters in pulse
parameters-width, repetition rate and peak power. The up
to 20% variation in pulse amplitude and large perturbation
in periodicity at higher pump powers have been reported in
a end-pumped passively Q-switched Nd+:YAG microchip
laser [1]. This Q-switch instability also occurs systemati-
cally in passively mode-locked laser [2]. Until now there
are few authors take insight into the physical nature of this
fluctuation, partly because the pulse instability can be
attributed fictitiously to the technical factors such as ther-
mal and mechanical instability of the saturation absorber.

Our motivations to investigate the transient temperature
profile in PQS laser crystal are based on the following two
considerations. Firstly, the temperature variation of gain
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medium has significant effect on the lasing properties of
the laser via temperature-dependent stimulated emission
[3–10] or thermal lensing effect [11,12]. And secondly, due
to the inversion buildup in the pumping cycle and the sub-
sequent extraction in the pulsing stage, the population
inversion of PQS microchip laser and then the thermal load
exhibit the repetitively pulsed evolution. Therefore, it is
essential to investigate the transient temperature profile
induced by the time-dependent thermal load in PQS laser
crystal and subsequent effects on the pulse parameters
(pulse energy, pulse width and peak power).

The transient thermal profile in repetitively pumped
laser rods previously has been described in Koechner’s
seminal work [13]. Nevertheless it is only applicable for
the case that both periods of the pump pulse and the heat
removal in the laser rod are far larger than the pump pulse
width, and inapplicable for the case of the repetitive ther-
mal load in PQS laser, in which the pulse-like width is com-
parable with its interval. In addition, the comprehensive
description of the temperature profile induced by the repet-
itive thermal load need to solve the sets of partial differen-
tial equations (PDEs) consisting of the laser rate equations
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and thermal conductivity equation, which is quite compli-
cated in mathematics. Due to this practical difficulty,
how the temperature evolves in PQS laser crystal is not
investigated until now.

In this paper, we take the example of CW- and end-
pumped microchip PQS Yb:YAG laser PQS by a saturable
absorber to numerical simulating the temperature variation
in the gain medium. In Section 2, the thermal model in
laser crystal with typical boundary condition is built, and
the repetitive thermal load is treated as a sawtooth function
of time and is compared with other numerical method. In
Section 3, the parabolic heat equation is solved in Matlab
PDE toolbox, the qualitative results on the transient tem-
perature variation in PQS microchip laser crystal is given.
In the last section, the results are summarized and the con-
clusions are given.

2. Theoretical model

The arrangement of the present thermal modelling is
applicable for the CW- and longitudinally-pumped micro-
chip laser crystal PQS by a saturable absorber. The periph-
ery of microchip laser crystal is held at room temperature
(300 K) by an actively cooled heat sink. Fig. 1 shows a side
and end view of the microchip laser crystal and heat sink.
The transient temperature distribution in cylindrically sym-
metrical microchip gain medium follows the partial differ-
ential equation
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with the boundary conditions at the crystal surfaces are
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Here KC is the thermal conductivity, q is the mass density,
C is the specific heat of laser crystal, h is heat transfer
coefficient between the laser crystal surface and air, T is
the temperature as a function of time t, r0 is the radius
Fig. 1. Side view and end view of the microchip gain medium and
thermoelectrically cooled (TEC) heat sink. The thickness and radius of the
microchip gain medium is l and r0, and the 1/e2 radius of the Gaussian
pump beam is -p.
of microchip laser crystal, l is the crystal thickness, r and
z are the radial and axial coordinates of the points in the
microchip crystal respectively. To simplify the further
investigation, the divergence of the pump beam in the thin
laser crystal [11,12,14,15] is neglected, and the transversal
distribution of the inversion is assumed to be uniform in
the cylindrical-shaped pump area. The top-hat distributed
thermal source density Q in the laser crystal due to incident
pump power Pin can be given by [16]

Qðr;z; tÞ¼ nP in
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where Nt is the total doping concentration of active ions in
laser crystal, n is its inversion population density, rabs is the
absorption cross section at pump wavelength, n is frac-
tional thermal load, -P is the 1/e2 radius of the Gaussian
pump beam.

The inversion population density n of the gain medium
is accumulated nearly linearly in pumping cycle, and is
dumped out rapidly during Q-switching. We approximately
treat n as a sawtooth function of time t with the period 1/f
(f, the repetition rate of Q-switched pulse), which has the
following expression:

nðtÞ � ðni þ nfÞ=2þ ðni � nfÞ=2 � sawtoothð2p � f � tÞ: ð4Þ
Here ni and nf are the initial and final population inversion
density of gain medium respectively [17], and sawtooth
(2pft) is the sawtooth function with a period of 1/f. To ver-
ify this approximation intuitively, firstly we numerically
solve the rate equations of the CW- and end-pumped pas-
sively Q-switched Yb:YAG/Cr4+:YAG laser by applying
Runga–Kutta method as described in [18], and plot the
typical time evolution of the intra-cavity photon number
density and the inversion population density in Fig. 2(a)
Fig. 2. The typical time evolution of the intra-cavity photon number
density (a) and the inversion population density (b) in CW-pumped PQS
laser. For comparing with (b), (c) presents is the time evolution of the
inversion population density under the sawtooth function approximation
as given in Eq. (4).
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Fig. 3. The transient temperature variation of Yb:YAG crystal in end-
pumped PQS laser when the incident pump power is 5 W and the PQS pulse
repetition rates f varies. (a) f = 2 kHz, at point A and point B; (b) f = 5 kHz,
at point A and (c) f = 10 kHz, at point A. For point A, the coordinates
r = 0 mm, z = �0.45 mm; for point B, r = 0.1 mm, z = �0.45 mm.
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and (b). After substituting ni, nf and f derived from
Fig. 2(b) into Eq. (4), the time evolution of the inversion
population density under the sawtooth function approxi-
mation is plotted in Fig. 2(c). After comparing Fig. 2(c)
with Fig. 2(b), it could be concluded the approximation
to n in Eq. (4) can reproduces time evolution of n as well
as Fig. 2(b). The sawtooth evolution of the inversion den-
sity can be better described analytically than that in Deg-
nan paper [17], in particular for the slow increase of
inversion density and determination of the repetition rate.

Therefore, after substituting Eq. (4) into Eq. (3), the
time-dependent thermal load Q(t) in PQS microchip laser,
could be written out clearly in the form of the sawtooth
function. If assuming ni, nf, f and Pin are known, it become
possible to directly investigate the transient temperature
distribution of the laser crystal by numerical solving Eq.
(1) in the environment of the Matlab partial differential
equation (PDE) toolbox.

In the following section we still take the example of the
CW- and end-pumped passively Q-switched Yb:YAG/
Cr4+:YAG laser. The physical parameters of PQS Yb:YAG
microchip laser are as follows, rabs = 0.75 · 10�20 cm2 at
940 nm, n = 0.1, KC = 14 W m�1 K�1, C = 0.59 J g�1 K�1,
q = 4.56 g m�3 and h = 4 W/m2 K, Nt = 3 · 1020 cm�3,
ni = 1 · 1020 cm�3, nf = 5.69 · 1019 cm�3. The pump beam
1/e2 radius -p = 200 lm. The microchip Yb:YAG crystal
radius r0 = 1 mm and the thickness l = 1 mm. The radial
and axial thermal time constants of the microchip laser
crystal, are defined as [19]

sr ¼
Cq
KC

r2
0 and sz ¼

Cq
KC

l2; ð5a–bÞ

are sr = sz = 190 ms, respectively. The period (1/f) of the
Q-switched pulses, where f is usually in the range of �kHz,
is very short compared to the heat removal time sr and sz.
After substituting these known parameters into Eqs. (3)
and (4), and solving parabolic Eq. (1) with the pulsation
source term and the boundary conditions Eq. (2) in the
Matalb PDEtool environment, we could obtain the tran-
sient temperature variation of all the points inside the laser
crystal when the time t varies.

3. Numerical results

The temperature variation induced by the thermal load
in end-pumped PQS microchip laser is radially symmetri-
cal. The thermal problem expressed in Eq. (1) can be trea-
ted as in 2-D geometry (r and z) when solving it in Matlab
PDE toolbox. During our simulation, the time step is 50 ns,
and the refined spatial mesh consists of 10821 nodes and
21312 triangles for the whole laser crystal.

The transient temperature variations as the function of
time t at point A (z = �0.45 mm, r = 0) and B (z =
�0.45 mm, r = 0.1) under different repetition rates f of
PQS laser pulse are given in Fig. 3. Fig. 3(a) shows, when
f = 2 kHz and Pin = 5 W, it take several tens of millisec-
onds for the temperature at points A and B to reach a



Fig. 5. The 20-level contour plot of the temperature distribution in laser
crystal at t = 0.03 s when Pin = 10 W, f = 5 kHz.
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quasi-steady-state. The quasi-steady-state temperature rise
at point A of Yb:YAG microchip is TC = 301.7 K with the
repetitively oscillatory amplitude DT = 0.45 K and the per-
iod 0.5 ms. Fig. 3(b) shows, when f = 5 kHz and Pin = 5 W,
the transient temperature variation has TC = 301.7 K,
DT = 0.35 K and 0.2 ms period. The case of f = 10 kHz
and Pin = 5 W is given in Fig. 3(c), the transient tempera-
ture variation has TC = 301.7 K, DT = 0.3 K and 0.1 ms
period. The periods of this repetitive temperature oscilla-
tion shown Fig. 3(a–c) are the same as the respective peri-
ods of the Q-switched laser pulse.

Fig. 4 plots the time correspondence between the time
evolutions of n and the transient temperature at points A
and B when f = 2 kHz and Pin = 5 W.

It is seen that from Figs. 3 and 4, when incident pump
power Pin is fixed at a certain value, the temperature rise
inside the PQS laser crystal reaches the quasi-steady-state
in several tens milliseconds and remains the oscillatory
behaviour; the period of this repetitive oscillation is the
same as 1/f. In addition, the pulsing stage of PQS laser
[20,21] is synchronized with the abruptly ascending
branches of the repetitive temperature oscillations at points
A and B, while the pumping cycle just corresponds with the
descending branches of the repetitive temperature
oscillations.

Fig. 5 plots the transient quasi-steady temperature dis-
tribution profile inside the laser crystal at t = 30 ms when
f = 5 kHz and Pin = 10 W. It shows that the thermal load
in end-pumped PQS microchip laser only brings the large
temperature rise in the central region where the pump light
is present. As the pump area in the laser crystal is small
(200 lm radius), thus only the small-volume central area
of the radial direction has large temperature rise and fluc-
tuation. And both temperature rise and repetitively oscilla-
tory temperature amplitude decreases rapidly with the
radius r. As a result, both Tc and DT at point B are much
smaller than that ones at point A.

Fig. 6 plots the quasi-steady-state temperature rise TC

and the repetitively oscillatory amplitude DT at point A
as the functions of PQS pulse repetition rate f when
Pin = 5 W. It is seen that, when Pin is unchanged the tem-
perature rise TC at quasi-steady-state almost remains the
0.000 0.002 0.004 0.006 0.008 0.010
300

301

302

T
em

perature (K
)

Time (s)

0

3

6

9

12

15
x1025

In
ve

rs
io

n 
de

ns
ity

, n
 (

m
-3
)

Fig. 4. The correspondence between the time evolutions of n and the
transient temperature at points A and B when f = 2 kHz and Pin = 5 W.
The dashed line represents the temperature variation at point A, and b the
dotted line represents the temperature variation at point B, while the solid
line plots the population inversion density inside the laser crystal.
same despite of f, and the oscillatory temperature ampli-
tude DT is inversely proportional to f.

Fig. 7(a) and (b) show TC and DT at point A as the func-
tions of the incident pump power Pin when f = 5 kHz,
respectively. Obviously both TC and DT are proportional
to Pin when f is fixed at certain value.

The simulations above give the transient temperature
variations at specified time and spatial steps, the mean tem-
perature rise TC is relatively small compared with the other
experimental or theoretical data of Yb:YAG as given in
[11]. Worthwhile to point out, TC, DT and the time to reach
the quasi-steady-state are dependent on how much of the
time step and refined spatial mesh triangles are taken.
When a smaller time step or much more refined spatial
mesh triangles are applied, TC, as well as DT and the time
to reach the quasi-steady-state, becomes much larger and
certainly close to the practical temperature variation in
laser crystal, despite of the time-consuming calculation
and requirement of big computer memory capacity when
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Fig. 6. The quasi-steady-state temperature rise TC and the repetitively
modulated amplitude DT at point A as the function of PQS pulse
repetition rate f when Pin = 5 W.



0 5 10 15 20 25 30
0.0

0.5

1.0

1.5

2.0

ΔΤ
 (

K
)

Incident pump power (W)

 Caculated data

300

303

306

309

312

T C 
(K

)

 Caculated data

Fig. 7. The quasi-steady-state temperature rise TC and the repetitively
oscillatory amplitude DT as the function of the incident pump power when
f = 5 kHz, respectively.

J. Li et al. / Optics Communications 270 (2007) 63–67 67
using Matlab PDE tools. Therefore, based on the practical
difficulty encountered by us, we prefer to treat the numer-
ical results above at specified temporal and spatial steps as
the qualitative (/relative) ones rather than the quantitive
(/absolute) ones.

4. Discussions and conclusions

Here we summarize the qualitative results obtained as
follows:

For any given pump incident power above the threshold
of PQS laser, the radially symmetrical temperature
distribution reaches the quasi-steady state in several tens
millisecond and remains the oscillatory behaviour. The
buildup time of the quasi-steady-state temperature is
comparable with the radial and axial thermal time con-
stants of the microchip laser crystal. And the period of this
repetitively oscillatory temperature is the same as the per-
iod (1/f) of PQS laser pulse, and the abruptly ascending
branch of this repetitive oscillation is synchronized with
the pulsing stage of PQS laser, while the descending branch
of it just corresponds the pumping cycle of PQS laser at
any point inside the laser crystal.

In addition, when the incident pump power is fixed, the
repetitively oscillatory amplitude DT is inversely propor-
tional to f, whereas the quasi-steady-state temperature rise
TC remains the same while f varies; when the repetition rate
of Q-switched laser pulse is fixed, both TC and DT are pro-
portional to the incident pump power; i.e. TC / Pin and
DT / Pin.

In conclusion, the transient temperature profile in CW-
and end-pump PQS microchip laser is investigated qualita-
tively by treating the population inversion (thereby the
thermal load) as the sawtooth function of the time. The
results reveal not only the dynamics of thermal buildup,
but also the dependence of the quasi-steady-state tempera-
ture rise and the repetitively oscillatory amplitude on the
incident pump power and the pulse repetition rate of
PQS laser. As the result, the abrupt temperature transition
during the pulsing stage could introduce the fluctuation
into the PQS pulse parameters (pulse energy, pulse width,
and peak power) by transient thermal lensing effect and/
or temperature-dependent stimulated emission.

Being a simple approach, our model does not consider
the effect of Pin on ni, nf and f and other factors such as
pump divergence and inversion nonuniformity [11]. In
practical microchip PQS laser, ni, nf and f are the functions
of Pin, the M square factor of a pump beam could be in the
range of 30–45 [11]. And also our model cannot cover the
specific feedback of the transient temperature variation on
the lasing properties of PQS laser. The comprehensive
model that describes the interaction between the transient
temperature and PQS laser parameters, requires to solve
numerically the coupling between the PQS lasers rate equa-
tions and heat equation in both the temporal and spatial
domains. In this case, Matlab PDE tools become inapplica-
ble any more. The endeavour of seeking another mathe-
matical method to carry out the simulation of the full
problem (heat equation + PQS laser equations) is in
progress.
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